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Predicate Logic ( 18132248 )

- — 1 1.2 First Order Logic —

Step 2. Ask the computer
to solve the formula.




Outline — This Lecture

e SMT Solver

»  From DPLL to DPLL(T)

« EUF



SMT
- DEFINITION

The SMT problem (abbreviated satisfiability modulo theories) is the

problem of determining if there exists an interpretation that satisfies a

\given predicate logic formula.

4 )
WE cawn use SAT solvers to solve SAT

probLems au’comat’waLLg. Can we solve
SMTpmbLems au’coma‘c’waLLg?
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I\ A thSAT 5

An SMT Solver for Formal Verification & More

SMT solver can do it!

CVC4
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There are some powerful SAT solvers based

on DPPLL. Can we bulld SMT solvers based N
on these SAT solvers? N Ry

\_

We only consider the case of quantifier-free formulas.
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A Quick Recap

B 1v2, 2v3, 1v3vd, 2v3v4, 1v4 = (Decide)
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A Quick Recap

@ || 1v2, 2v3, 1v3v4, 2v3v4, 1vd — (Decide)
19 1v2, 2v3, 1v3v4, 2v3v4, 1v4d == (UnitPropagate)
192 || 1v2, 2v3, 1v3v4, 2v3v4, 1vd = (UnitPropagate)
1923 || 1v2, 2v3, 1v3v4, 2v3v4, 1vd = (UnitPropagate)
19234 || 1v2, 2v3, 1v3v4, 2v3v4, 1vd —> (Backtrack)
1 1v2, 2v3, 1v3v4, 2v3v4, 1v4 = (UnitPropagate)
14| 1v2, 2v3, 1v3v4, 2v3v4, 1vd — (Decide)
T43% | TvZ, 2v3, Tv3v4, 2v3v4, 1v4 =—> (UnitPropagate)
143%2 1v2, 2v3, 1v3v4, 2v3v4, 1v4
(

The Lnput of @ SAT solver s CNF and it
uses DPPLL to solve the pmbLem.




Lazy SMT integrates theory support
into the propositional search



Lazy SMT Techniques

- DEFINITION

An atomic formula in predicate logic is a formula without propositional

connectives or quantifiers.

= 1vE=3
= vk =2 =3

{ atom formutas]




Lazy SMT Techniques

(r=1Vzx=3)A (p1V p2)A
(y=1Vy=2Vy=3)A (p3 V p4 V p5)A
(z =3)A (p6)A

ﬁ
—(x = y)A —pTA
-(z = 2)A\ ~p8A
(

Y Z)(_/l —p9
~N

Stept: veplace atomie
formulas with fresh
L pro]:ositi,owm varitables.

J




Lazy SMT Techniques

[ (fitis unsatisfiable,
(r=1Vz=3)n (pLV p2IA the original formula Ls
lso wnsatisfiable.

(y=1Vy=2Vy=3)A (P3V pd V p5)A d\/ y,
(2 =3)A (P6) A DPLL
ﬁ

= UNSAT
—(x = y)A “pTA
(= 2)A —p8A
—(y = 2) M
~

Step2: use SAT solvers to

get asstgnments.
\. y,
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(z=1Vx=3)A (pl VvV p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(z = 3)A (p6) A DPLL pl=T,p2=F,p3=T,p4 = F,
(= )N — - P pb = F,p6 =T,p7 = F,p8 = F,
—(z = 2)A —p&A P =F
=2 M

~N

Step2: use SAT solvers to

get asstgnments.
- J




Lazy SMT Techniques

(z=1Vzx=3)A (pl V p2)A
(y=1vy=2Vy=3)A (p3 V pd V p5)A
(2 = 3)A (p6)A DPLL pl =T, p2=F,p3=T,pd = F,
> - b = F,p6 =T, p7 = F,p8 = F,
—(z = y)A —pTA
(= 2)A —p8A p=E
—(y = 2) —p9
4 r=1x#3,y=1y#2,
StEPB use T-solvers to y#3,2=3,2#y,x# 2,
check the satistiability. Y+ 2

\_




Lazy SMT Techniques

(r=1Vzx=3)A (plV p2)A

(y=1Vy=2Vy=23)A (p3V p4dV p5)A

(= 3N (26)A oplL Pl=1p2=Fp3=Tpl=1,
— mml- b = F.op6 =T, p7 = F,p8 = F,

( )N PTA P P

ﬂ’]‘:']/ -

(= 2)A —p8A

—(y = 2) —p9

4

Step3: use T-solvers to
check the satistiability.

\_




Lazy SMT Techniques

(r=1Vzx=3)A (plV p2)A

(y=1Vy=2Vy=3)A (p3 V pd V p5)A

(= 3N (26)A oplL Pl=1p2=Fp3=Tpl=1,
: ) — . pb = F,p6 =T,p7 = F,p8 = F,

—(x = 2)A —p8A

—(y = 2) —p9

g If it Ls unsatisfiable,
tell SAT solver to glve
awnother assignment.

\_




Lazy SMT Techniques

(r=1Vzx=3)A (plV p2)A

(y=1Vy=2Vy=3)A (p3 V pd V p5)A

(= 3N (26)A oplL Pl=1p2=Fp3=Tpl=1,
: ) — . pb = F,p6 =T,p7 = F,p8 = F,

—(x = 2)A —p8A

—(y = 2) —p9

-
But how to tell the SATS

solver this assignment

doesnt work?
\_ Y,




Lazy SMT Techniques

(r=1Vzx=3)A (plV p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(= 3N (26)A oplL Pl=1p2=Fp3=Tpl=1,

: ) ] . pb=F.p6 =T,p7 = F,p8 = F,
—(z = y)A —pTA

P9 = F
—(x = 2)A —p8A
=(pl A =p2 A p3 A\ —pdA

~(y = 2) —p9Y

—pd A pb A —p7 A ~p8A

—p9)
s : R b TR
It V\/Lag be redundant. \% I— y# 3,2 =3 # ylr # 2,

Clever T-solvers can

Lve stmpler formulas.
€ pler f y
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(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(= 3N (26)A oplL Pl=1p2=Fp3=Tpl=1,
: ) — . pb = F,p6 =T,p7 = F,p8 = F,
—(z = y)A —“pTA
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- | [£=-#sf=1]
[t VVLHH be resdlunslant. \% y#3,z=30x #ylr

Clever T-solvers can

Lve stmpler formulas.
€ pler f y




Lazy SMT Techniques

(z=1Vzx=3)A (pl V p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(= = 3)A (p6)A ppL. Lo T2 = RS AT
—_— 5=F.p6=T,p7 = F,p8 = F,
( )N pTA g g 7
P9 = F
—(z = 2)A —p8A
—(y = 2) —pY =(pl A p3 A —pT)

r=1z#3y=1y#2,
y#3,2=3,x#y,x#z,

y 7z Eﬁ?*@

S§



Lazy SMT Techniques

(z=1Vzx=3)A (pl V p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(= = 3)A (p6)A ppL. Lo T2 = RS AT
— 5=F p6=T,p7 = F,p8 = F,
( )N pTA g g 7
P9 = F
—(z = 2)A —p8A
—(y = 2) —pY =(pl A p3 A —pT)
| r=1,1x#3
y#3,2=3,T#Y,TF 2,
yF 2z

[SATF/
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)N

(z=1Vz=3)A
(y=1Vy=2Vy=3
(2 = 3)A

(z # y)A

(x # 2)A

(y # 2)

.

Predicate logie

formulas

.

! Solve Lt ansg

returw sat

;
;

from z3 import *
x = Int('x")
y = Int('y")
z = Int('z2’)

= Solver()
.add(0Or(x =
.add(Or(y =
.add(z == 3
.add(x !=vy)
.add(x != z)
.add(y != z)

n nu nun nu nu nu n

result = s.check()

print(result)

if result == sat:
print(s.model())




Z3

from z3 import *
X = Int('x")
y = Int('y")
z = Int('z")

= Solver(
.add(0Or(x
.add(0Or(y
.add(z ==
.add(x !
.add(x !
.add(y !

I~
I
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n nun nu nu nu nu n
I
N
~

I
N
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result = s.check()

print(result)

if result == sat:
print(s.model())

N W

o

N’

> python3 example.py

sat
[y =2, z =3, x=1]
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EUFLs O T-
Solvey.

e .
E-matching Theories
based
Quantifier 4 ' .
Instantiation L Arithmetic
g A
ITays
W N
BUF + 5AT J< [ Bit-vectors
[ Datatypes
Model
based
Quantifier Strings/Sequences
Instantiation

N7 N N/ N N

-

/

-

(n adoition t

EUF, there are
many other
Qheorg solvers.

~

0

/

Architecture of Z3's SMT Core solver



Theory Solver

What does T-Solver looks Like?



EUF

The logic of equality and uninterpreted function, EUF, is a basic

ingredient for (first-order) predicate logic.

a=bb=c,d=e,b=s,d=1

-
How to check if it is

satisfiable?




EUF

While formulas are not empty:
remove a=b;

merge(a, b);



EUF

While formulas are not empty:

remove a=Db;

merge(a, b);
[ SAT L
If find(a) = find(b) for some a#b

return false;

else

return true;



EUF

While formulas are not empty:
remove a=b;
merge(a, b);

If find(a) = find(b) for some a#b
return false;

else

return true;

[ sar |

a=bb=c,d=ce
b=s,d=t,a#d

3



EUF

a=0bb=c,d=c¢

b=s,d=tlc#s

While formulas are not empty:

remove a=Db;

3

merge(a, b);
[unsat|
If find(a) = find(b) for some a#b

return false;

else

return true;



EUF

a=bb=c,d=ce
b=s,d=1

f(a,g(d)) # f(b,g(e))

-
what Uf there are
uninterpreted flunctions?

\.




EUF

. THEOREM

Congruence rule:

L1 =Y,y Ty = Yn = f(T1, 00, Tn) = F(Y1, ey Yn)
N

a=0,0b=c,d=c

b=s,d=1

f(a,g(d)) # f(b,g(e)) [ We can construct the
graph with

Congruence rule.

\_




EUF

1) introduce constants that can be used as shorthands for sub-terms.

a=bb=c,d=c¢

b=s,d=1 m)
fa,g(d)) # f(b,g(e))

a=0,0b=c,d=c
b=s,d=1t,v3# v4d

vl :=g(e),v2 := g(d)
v3 := f(a,v2),v4d := f(b,vl)



EUF

2) Working bottom-up, the congruence rule dictates how to merge groups
a=bb=c,d=c¢
b=s,d=1tv3 # vd
vl :=g(e),v2 := g(d)
v3 := f(a,v2),v4d := f(b,vl)

(o) D & ® @



EUF

2) Working bottom-up, the congruence rule dictates how to merge groups

a=bb=c,d=c¢

b=s,d=t,v3# v4 e:d:>g(6)=9(d)
vl := g(e),v2 := g(d) 4( /

v3 := f(a,v2),v4d := f(b,vl)

(o) D & ® @




EUF

2) Working bottom-up, the congruence rule dictates how to merge groups

a=bb=c,d=c¢

b=s,d=t,v3# v4 e:d:>g(6)=9(d)
vl := g(e),v2 := g(d) 4( /

v3 := f(a,v2),v4d := f(b,vl)

(o) (@) () @ @




EUF

2) Working bottom-up, the congruence rule dictates how to merge groups

4 \a:b7b:6’d:€
a:b,’(jzz’l]li b:s’d:t,’vg#’l}4
fla,v2) = f(b,vl) ol = g(e),v2 == g(d)

v3 := f(a,v2),v4d := f(b,vl)

(o) (@) () @ @




EUF

2) Working bottom-up, the congruence rule dictates how to merge groups

- \a:b,bzc,d:e
a=0b,v2=vl= |p=gd=1t03+0v4
2) = f(b,vl - .
kf(aa’U ) = f(b,vl) | 1 = g(e),v2 := g(d)
v3 := f(a,v2),v4d := f(b,vl)




EUF

3) Check satisfiability like before

a=bb=cd=c¢e
b=s,d=1tp3 # v4
vl :=g(e),v2 := g(d)

v3 := f(a,v2),v4d := f(b,vl) AMNSAT

/
L
| V3,04 )
N




Thanks & Questions



